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Abstract
We expand on the material that was published in the previous Proceedings of
the CERN Accelerator School on Plasma Wakefield Acceleration. The ma-
terial focused on Plasma Wakefield Acceleration in the short, narrow bunch
regime. After a brief introduction, we describe Plasma Wakefield Accelera-
tion driven by a bunch train. We then attempt to give simple and intuitive
descriptions of bunch self-modulation, occurring when the bunch is long, and
of current filamentation, occurring when the bunch is wide. Self-modulation
is a means to use existing bunches carrying large amounts of energy to drive
plasma wakefields. Current filamentation instability imposes a limitation on
how wide a particle bunch can be before transverse break-up may disrupt
the wakefields generation and the acceleration process. As in the previous
material, we show sample experimental results that demonstrate that much of
the physics at play has been observed experimentally.
Keywords
Plasma wakefield acceleration; beam-driven systems; beam self-modulation;
beam current filamentation.
1 Introduction
The plasma wakefield accelerator (PWFA) [1] is one of the two plasma-based particle accelerators,
the other one being the laser wakefield accelerator (LWFA) [2]. The process of driving wakefields is
different between the LWFA, where the ponderomotive force of a laser pulse drives the wake in the ini-
tially neutral plasma, and the PWFA, where the transverse electric field of a relativistic particle bunch
drives the wake. The acceleration process is identical in the two cases. In this text we therefore focus on
the wakefields driving process.
To some extent, PWFA physics is simpler than LWFA physics, mostly because the bunch that
drives wakefields and the one that experiences them are of the same kind. Also, a particle bunch with
parameters such that it drives wakefields similar to those driven by a laser pulse consists of fewer (of
order 109 to 1010), much higher energy particles (∼MeV-GeV, electrons, protons, etc.) than does a laser
pulse made of 1016 to 1018,∼eV-energy photons. In particular, photons respond to the index of refraction
of the plasma and to its changes. However, around the world there are many more laser systems capable
of driving plasma wakefields than there are particle bunch sources. For years now, such lasers can be
purchased off the shelf, whereas particle accelerators are typically found only at National Laboratories.
Literature about LWFA is therefore also more abundant than that about PWFA. However, due to the many
similarities, review articles often cover both. We strongly recommend reading general Refs. [3] and [4].
More specific articles on PWFA can be found in Refs. [5] and [6].
We build here on the text that appeared in the previous CAS Proceedings [7]. We also refer
the treader to the slides of the two lectures that contain additional figures that further illustrate some of
the points made here. The text describes the fields of a relativistic charged particle and how it pertains
to the driving of wakefields in plasma. After we described the expected field structure, we used a simple
particle model following Ruth et al. [8] to show that the transformer ratio, defined as the ratio of peak
accelerating field behind a single bunch E+ and the peak decelerating field within the drive bunch E− is
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smaller or equal to two: R=E+/E− ≤2. Here E+ and E− are amplitudes and are therefore positive. This
is know as the fundamental theorem of beam loading [9].
We then briefly introduced PWFA linear theory. We used it to show that for a single and short
bunch, that is with length on the order of the wakefields wavelength or plasma skin depth, there is an op-
timum length that depends on the bunch shape, that yields the largest transformer ratio. For a Gaussian
bunch with root-mean-square (RMS) length σz this is expressed as: kpeσz ∼=
√
2. We also mentioned
that the bunch transverse size must also be small, that is on the order or smaller than the plasma skin
depth, which is usually expressed as kpeσr ≤1.1 We briefly touched on using multiple bunches to drive
wakefields.
We introduced what is usually considered as the order of magnitude for the maximum (ampli-
tude of the) longitudinal (accelerating or decelerating) electric field that can be expected in a plasma:
EWB=
mecωpe
e .
We also used linear theory to discuss beam loading by the witness bunch to be accelerated.
We then jumped to the non-linear regime of the PWFA, in which one can use the linear variation
of the ion column focusing field (and force on witness electrons) to preserve the incoming emittance
of the accelerating bunch. This is strictly the case either for each longitudinal slice of the bunch, or
for a bunch that remains mono-energetic, thanks for example to beam loading. That naturally led us to
discuss the matching of the witness bunch to the ion column focusing force.
We then showed a few experimental results that demonstrate that some of the effects presented were
actually observed in experiments: Variation of the longitudinal electric field along the drive bunch [10];
Variation of the energy gain (and thus accelerating field) with relative drive bunch length, and plasma
length and electron density [11]; Preservation of the emittance of an electron bunch using betatron oscil-
lations of the bunch envelope [10,12]; Non-preservation of the emittance of a positron bunch in a plasma
since the situation of the ideal pure ion column focusing for an electron does not exist for a positron
bunch [13].
One of the major developments in the PWFA field is the results obtained in the AWAKE exper-
iment [14–17] using a long proton bunch (kpeσz 1). In the previous text! [7] we mainly discussed
PWFAs driven by small bunch drivers. By this we mean small when compared to the plasma wave-
length λpe=2pi/kpeor the plasma skin depth c/ωpe. We remind the reader that plasma electrons, that
sustain the wakefields by their collective response, oscillate at the plasma angular frequency ωpe. Since
the wakefields are tied to the driver, their phase velocity is equal to that of the driver with relativistic factor
γb: vb=
(
1− 1/γ2b
)1/2c∼=c for an ultra-relativistic bunch with γb 1. This justifies kpe=ωpe/vb ∼= ωpe/c.
We note here that these quantities are derived again in the context of dispersion relations, i.e., linear
theory and small perturbations. That means for example that the plasma electrons velocity is small.2
However, wakefields can be driven into the non-linear regime. In this case the velocity of the plasma
electrons can become relativistic, their mass increase me → γpeme (γpe ≥1) and thus ωpe → ωpe/√γpe
decreases and λpe → √γpeλpe increases.
Interestingly the history of the field of plasma-based acceleration started with experiments that
used a long laser pulse to drive wakefields. Only long pulses with high enough intensity to drive large
amplitude (∼10 to 100 MV/m) wakefields were available. Wakefields were driven either through laser
pulse self-modulation [18] or through beat-waves [19]. As soon as ultra-short, tens of femtoseconds long
laser pulses became available, all experiments operated in the in the short pulse regime characterized by
cτlaser ≤ λpe/2, τlaser the laser pulse length. Nowadays there is a renewed interest in driving wakefields
1kpe=ωpe/c is the relativistic wakefields wave number in a plasma of density ne0 and corresponding electron plasma angular
frequency ωpe=
(
ne0e
2/0me
)1/2
2For example, in the context of an electro-static plasma wave, often used as the mode representing plasma wakefields, that
means that first order quantities ve1, ne1 and Ez1 are self-consistently such that the electron plasma density perturbation is small
when compared to the initial, uniform density ne0: ne1 ne0 because the bunch density nb is small: nb ∼=ne1 ne0. The two
other quantities are zero in equilibrium: Ez0=0, ve0=0.
2
with multiple laser pulses, especially to reduce requirements for the laser system [20]. PWFA history
started with experiments at low gradients (<1 GeV/m) because short, dense, relativistic electron bunches
were not available. They operated already in the short bunch regime with kpeσz ∼=1 [21]. We note
that narrow bunches, kpeσr 1 are interesting, especially in the non-linear regime, because wakefields
parameters are then weakly dependent on the bunch radius and on its evolution, in particular because of
betatron oscillations of the bunch envelope size (in an un-matched case, see for example [22]).
Only recently the idea of using self-modulation (SM) of a long particle bunch was proposed [23].
This is mostly to take advantage of proton bunches available today and carrying large amounts of energy
(tens to hundreds of kilojoules). Synchrotrons such as the CERN SPS and LHC produce these bunches
routinely for high-energy and particle physics research. They are 6 to 12 cm-long, but can be focused
to small transverse sizes (e.g., 200µm [14–17]). The use of a single drive bunch in a single (or two)
plasma(s) would avoid intricacies of staging [24] and would use existing drive bunches, i.e, no need to
develop or build a new accelerator complex for the driver(s).
We first use linear theory to build some intuition on driving wakefields with a train of bunches
(or laser pulses). Then we discuss SM, a way to let the long bunch and plasma form the train through
an instability, the self-modulation instability (SMI) [23], that can be controlled by seeded to turn it
into a self-modulation (SSM) process [14]. The plasma response that is the source of this longitudinal
instability has an equivalent in the transverse plane, the current filamentation instability. We therefore
discuss regimes in which either kpeσz 1 or kpeσr 1.
2 Brief linear theory reminder
Wakefields for a bunch, i.e., a large collection of single particles such that the particle aspect can be
neglected is calculated from Green’s function, that is the wakefields driven by a single particle. Green’s
function for the longitudinal wakefields is derived in a 1D model for example in Ref. [25]. Wakefields
can be calculated by convolving the bunch distribution with Green’s function (see for example Ref. [26]
in 2D). The 2D expressions for cylindrically symmetric bunches are:
Wz(ξ, r) = − e
0
∫ ξ
−∞
nb‖(ξ
′)cos[kpe(ξ − ξ′)]dξ′ ·R(r), (1)
W⊥(ξ, r) =
e
0kpe
∫ ξ
−∞
nb‖(ξ
′)sin[kpe(ξ − ξ′)]dξ′ · dR(r)
dr
, (2)
where R(r) is the transverse dependency given by:
R(r) = kpe
2
∫ r
0 r
′dr′nb⊥(r′)I0(kper′)K0(kper) + kpe2
∫∞
r r
′dr′nb⊥(r′)I0(kper)K0(kper′), (3)
and I0 and K0 are the zeroth order modified Bessel functions of the first and second kind, respectively.
For a bunch with constant density over 0 ≤ ξ ≤ ξb and within that ξ range:
Wz(0 ≤ ξ ≤ ξb) ∝ nb0
∫ ξ
0
cos[kpe(ξ − ξ′)]dξ′, (4)
and
W⊥(0 ≤ ξ ≤ ξb) ∝ nb0
∫ ξ
0
sin[kpe(ξ − ξ′)]dξ′. (5)
These equation can be integrated by writing a = kpe(ξ − ξ′), thus da = −kpeξ′. Since ξ ∈ [0, ξ],
a ∈ [kpeξ, 0]. Thus:
Wz(0 ≤ ξ ≤ ξb) ∝ nb0
∫ 0
kpeξ
cos[a]
(
−1
kpe
)
da = nb0kpe sin[a]|
kpeξ
0
= nb0kpe sin[kpeξ]
(6)
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and
W⊥(0 ≤ ξ ≤ ξb) ∝ nb0
∫ 0
kpeξ
sin[a]
(
−1
kpe
)
da = nb0kpe cos[a]|
kpeξ
0
= nb0kpe (1− cos[kpeξ]) .
(7)
Equation 6 shows that the longitudinal wakefields within the bunch are simply oscillating from its front
and are alternatively (if the bunch is longer than half a plasma wavelength) decelerating (initially) and
accelerating (can be shown from the sign and physics says so!). Since −1 ≤ cos[kpeξ] ≤ 1, Eq. (7)
shows that the transverse wakefields do not change sign along the bunch. They are focusing for charges
with the same sign as that of the drive bunch (can be shown from the sign and physics says so!).
The same procedure can be used for the fields behind the drive bunch, but this time, since the bunch
charge exists only for 0 ≤ ξ ≤ ξb one uses: a = kpe(ξ − ξ′), thus da = −kpeξ′ and ξ ∈ [0, ξb],
a ∈ [kpeξ, kpe(ξ − ξb)]. Thus:
Wz(ξ > ξb) ∝ nb0
∫ kpe(ξ−ξb)
kpeξ
cos[a](−1kpe )da =
nb0
kpe
sin[a]|kpe(ξ−ξb)kpeξ
= nb0kpe (sin[kpe(ξ − ξb)]− sin[kpeξ])
(8)
and
W⊥(ξ > ξb) ∝ nb0
∫ kpe(ξ−ξb)
kpeξ
sin[a](−1kpe )da =
nb0
kpe
cos[a]|kpeξkpe(ξ−ξb)
= nb0kpe (cos[kpe(ξ − ξb)]− cos[kpeξ]) .
(9)
Equations 6, 7 and 8, 9 can be plotted for any value of ξb. Similar calculations of linear theory
wakefields for bunches with cosine shapes can be found in [27]. Cosine shape are useful in calculations
and numerical simulations because of their final spatial extent (as opposed to Gaussian profile ones).
Evidence that long particle bunches drive wakefields over multiple periods, as suggested for ex-
ample by Eq. (7) was demonstrated experimentally [28], as shown on Fig. 1. Figure 1 shows a number of
energy spectra measured with a bunch with fixed length Lbeam after propagation along a 2 cm-long capil-
lary plasma with various electron densities such that Lbeam/λpe varies essentially between one an eight.
The incoming bunch has an energy linearly correlated with time or longitudinal position along the bunch.
This is known as an energy chirp. Therefore, measuring changes in energy as a function of energy is
a relative measure of the time structure of the longitudinal wakefields that were excited along the bunch.
The number of wakefields periods increasing with Lbeam/λpe (Figs. 1(b)-(h)) is evident from the spectra.
The quantitative results are in excellent agreement with linear theory predictions and numerical simula-
tion results (Fig. 1(i)). These wakefields could be used as seed for the self-modulation process described
below. In fact, these results are direct evidence that the SM process can be seeded by a particle bunch
with a sharp (<λpe) rising edge in its current or density profile.
3 Bunch train
We consider the case of bunches with square longitudinal density or current profiles and constant radius.
In this case the results of 2D linear PWFA theory reduce to a 1D model where radial dependencies R(r)
and dR(r)/dr in Wz and W⊥ (Eqs. (6), (7) and (8), (9)) can be considered as constant. For that to be
valid we have to neglect transverse evolution upon propagation. Longitudinal evolution can generally
be neglected because we consider propagation lengths over which relative dephasing between particles
is small and can be neglected. That is, the following considerations are not valid any more once de-
phasing due to incoming or acquired energy differences must be included. With the above assumptions,
Eqs. (1) and (5) for wakefields within the bunch simplifies to Eqs. (6) and (7). Here nb(ξ′)=nb0=cst along
ξ′ can be pulled out of the integral that can be simply calculated.
Considering the bunch length ξb one sees that the decelerating field within the bunch is maximum
for kpeξb=pi/2 or ξb = λpe/4. The field behind the bunch reaches a maximum for kpeξb = pi or ξb = λpe/2.
Indeed up to ξb = λpe/2 all particles lose energy. Making the bunch longer would mean adding particles
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5.2,3.0,2.0,1.5,1.2,1.0, and 0.9 MV=m are best for integer
values l ¼ 1 to 7, respectively.
In two-dimensional (2D) cylindrically symmetric linear
PWFA theory [15] the on-axis peak electric field amplitude
driven by a bunch with charge Q, a Lbeam-long square
longitudinal profile and a Gaussian transverse profile with
rms radius σr is given by Ezðr ¼ 0Þ ¼ ½−lQ=ðε0L2beamσ2rÞ%R∞
0 e
−r2=2σ2rK0ð2pilr=LbeamÞrdr. Here, the plasma wave
number for the lth mode is taken as kp ¼ 2pil=Lbeam, K0
is the modified zeroth-order Bessel function of the second
kind, and we assume Lbeam > λpe. This expression shows
that for Q ¼ 50 pC, Ezðr ¼ 0Þ ¼ 3.7 ,3.2, 2.6, 2.1, 1.8,
1.5, and 1.3 MV=m for l ¼ 1 to 7, respectively. These
values decrease as ne (or l) increases and are close to the
ones for optimum bunching visibility. When entering the
plasma the bunch density is nb ¼ 3.6 × 1012 cm−3, much
lower than the range of plasma densities used in the
experiment (nb=ne < 3 × 10−3, see below). The beam-
plasma interaction is, therefore, in the linear wakefield
regime. In the linear wakefield theory, the focusing strength
decreases more rapidly than Ez [12], and this strongly
impacts the growth of the instability [see Fig. 4(a)].
In view of the previous paragraph results, a bunch charge
of 50 pC is therefore chosen in the experiment so that the
overall visibility of the energy spectra modulation is
maintained as ne is varied. Figure 2 shows a typical
experimental energy spectrum with no plasma [Fig. 2(a)
and seven energy spectra Figs. 2(b)–2(h)] acquired with ne
increasing from ≈ 2 × 1015 to ≈ 8 × 1016 cm−3. The non-
integer values of Lbeam=λpe labeled in the figures are
calculated as the ratio of the maximum initial energy
spread (ΔE0) and the average energy difference between
the neighboring peaks ΔEl on Figs. 2(b)–2(h). The spectra
reveal that energy self-modulation generates two to seven
peaks along the bunch, corresponding to ≈1.4 to ≈7.5
plasma periods. In addition to the evident energy modu-
lation, the spectra of Fig. 2 also show a considerable loss of
charge toward the trailing end of the bunch that is at present
not understood. This leads to the observed number of peaks
in Figs. 2(c)–2(h) to be l rather than lþ 1, where l is the
integer part of the number of the plasma periods (see Fig. 3
for the missing peak in the yellow region). However, this
does not change the conclusions reached here. In all
figures, the self-modulation peaks are clearly visible,
suggesting that the energy gain and loss by the particles
remain close to that for optimum bunching at all plasma
densities. This indicates that as predicted by linear theory,
the wakefield amplitude does decrease with increasing ne,
and its average values along the plasma are comparable to
those estimated here above. It is also consistent with the
wakefields not growing over the plasma length but remaining
close to their initial value. Note that the apparent transverse
modulation suggested by the spectra of Fig. 2 really only
originates from the energy modulation and is not from the
radial modulation due to SMI. Figure 2(i) is obtained from
simulation and will be discussed later in the Letter.
Figure 3 shows the energies at which the density peaks
appear in the spectra of Fig. 2 as a function ne. The plasma
FIG. 2 (color online). Energy spectra obtained at various
plasma densities. Spectra (a) with ne ¼ 0 (no plasma) and
(b)–(h) with increasing plasma densities between 2 × 1015 and
8 × 1016 cm−3 obtained in the experiment. The white lines
indicate the sum of the images over the vertical image dimension
(no dispersion), and the red lines show the positions of the density
peaks as identified for Fig. 3. Figure (i) shows a simulated energy
spectrum for the case Lbeam=λpe ¼ 2, very similar to the exper-
imental case of (c). The color tables are deliberately chosen
different to avoid possible confusion between experimental and
simulation results.
FIG. 3 (color online). Energy of the peaks identified by the red
lines on Figs. 2(b)–2(h) as a function of plasma density. The
yellow zone corresponds to the FWHM of the incoming bunch
energy and suggests that peaks are missing in the back, high-
energy part of the bunch for ne > 0.5 × 1016 cm−3.
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Fig. 1: Energy spectra obtained at various plasma densities with a bunch with fixed length Lbeam. Spectra (a)
with ne0=0 (no plasma) and (b)-(h) with increasing plasma densities between 2×1015 and 8×1016 cm−3 obtained
in the experi ent. We note that in this case the incoming bunch density (a) is not constant along the bunch, but
physics remains the same. The white lines indicate the sum of the images over the vertical image dimension (with
no dispersion), and the red lines show the positions of the density peaks. Figure (i) shows a simulated energy
spectrum for the case Lbeam=λpe/2, very similar to the experimental case of (c). In the experiment the plasma
density needs not be set to integer values of Lbeam=λpe. The color tables are deliberately chosen different to avoid
possible confusion between experimental and simulation results. Figure from Ref. [28], with permission.
that would find themselves in the accelerating phase of the wakefields and would gain energy from
them and decrease their amplitude behind the bunch (as shown though the transformer ratio on Fig. 3
of [7]). We note that making the bunch 2pi longer yields the same wakefields amplitudes within and
behind the bunch (periodic functions). We also note here that for kpeξ = pi the transformer ratio is
two and is maximum. In this case the maximum possible energy extraction efficiency is limited by
the fact that the decelerating field varies along the bunch to η = 1pi
∫ pi
0 sin(x)dx
∼=64%. The first and
last particles do not lose any energy and the process continues until dephasing becomes an issue for
particles losing energy at the highest rate (those with kpeξ = pi /2). We note that maximum efficiency
with this sinusoidal variation of the decelerating field along the bunch reaches 73% for kpeξb ∼=0.73.
The transverse wakefields expression shows that all particles till kpeξ = pi are focused (or at least not
defocused) by the wakefields. For such a constant density bunch, the transverse wakefields are focusing
all along the bunch: W⊥ does not change sign along the bunch. The sign changes some distance behind
the drive bunch. Since plasma electrons are expelled/attracted by a bunch with negative/positive charge
sign, the inherent |E+vb × B|→ E/γ2b → 0 for γb → ∞ (or → small for γb → large) force balance
of relativistic beams is broken and the vb × B term focuses the bunch. We also remind the reader that
behind the driver, the longitudinal and transverse wakefields oscillate around zero and are pi/2 out of
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Fig. 2: Longitudinal (red lines) and transverse (green lines) wakefields driven by a single lead bunch (labelled 1),
a following bunch (labelled 2, shifted by -4 units) and the train of two bunches (shifted by -8 units) as a function
of position along the train ξ normalized to the wavenumber kpe(or phase normalized to 2pi). a) Both bunches are
λpe/2-long and the second bunch is a distance λpe(or phase 2pi behind the first one. b) The first bunch is λpe/2-
long, the second one λpe/4-long and the second bunch is a distance 54λpe (or phase
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2pi behind the first one. Red
and green vertical lines are aligned with one of the crests of the respective wakefields to allow for phase shift
comparison. Bunches move to the left and wakefields are zero ahead of the first bunch.
phase, at least in linear theory, as can be seen from Eqs. (8) and (9).
Considering a bunch train with the first bunch λpe/2-long, it is natural to place the second bunch in
the next (or some 2pi phase later) decelerating region of the wakefields to add energy to these fields. Two
options for this bunch: make it also λpe/2-long and in this case covering all the decelerating phase region,
but also a focusing and a defocusing region, or rather λpe/4-long and covering only the decelerating and
focusing phase region. We show wakefields for both cases on Fig. 2. In both cases the wakefields behind
the train are larger than behind the first one alone, as expected. They are larger in the λpe/2 than in
the λpe/4-long-long case. While the second bunch λpe/4-long is more likely to propagate because all
in the focusing wakefields, transverse evolution (if considered) would also lead to wakefields evolution
upon propagation along the plasma, unless a matching condition could be found (see Ref. [7]). We note
from Fig. 2 that while the transformer ratio for the first bunch (alone) is two, as expected, it is less than
6
two for the train (=4/3∼=1.33, see below, and ∼=3.1/2.0=1.55 for the two bunch lengths, respectively).
Since in the first case the two bunches are identical and separated by 2pi in phase, the wakefields of
individual bunches and of the train are in phase, as indicated by the vertical lines on the figures. However,
in the second case the 2pi symmetry is broken and the fields are not in phase with each other. Looking
at fields behind the second bunch, in both cases the third bunch (and following ones) would follow
the second one with a 2pi phase shift. We also note that linear theory can be used to evaluate seed
wakefields, for example as produced by a long bunch with a sharp rising edge or cut [15, 28] or by
a relativistic ionization front traveling together and within the long bunch [14].
From these simple examples we can use arithmetic to study the case of a train that would increase
the transformer ratio rather than decrease it: the ramped bunch train [29]. In this case all bunches
are λpe/2-long (because in this case we can do the arithmetic). The amplitude of the wakefields in
each half period can be written as a (normalized) sequence (see first bunch Fig. 2(a)): -1:+2:-2:+2:-
2:+2:. . . The second bunch, identical to the first one, placed in the decelerating phase of the first one
drives relative amplitudes: 0:0:-1:+2:-2:+2:. . . The sum of the amplitudes is therefore: -1:+2:-3:+4:-
4:+4:. . . The transformer ratio is thus indeed 4/3∼=1.33, as seen on Fig. 2(a), smaller than two, because
the (total) decelerating field within the second bunch is larger than the within the first bunch. One can
make the decelerating field in the second bunch equal to that of the first one by making its density (with
its charge) three times larger than that of the first one and placing it into the accelerating phase of the first
one (a +2 amplitude region). It then drives a sequence: 0:0:0:-3:+6:-6:. . . The wakefields amplitudes
behind the two bunches then become (the sum): -1:+2:-2:-1:+4:-4:. . .The transformer ratio is now equal
to four.
Let us understand what is happening. The first bunch loses energy to the wakefields at rate -1.
The second one by itself would lose energy at a rate -3, but gains from the first one at rate +2. Net
energy is therefore transferred from the first to the second bunch. A witness particle (or bunch with
negligible charge, not beam loading, charge 1 in these normalized units) placed at the appropriate
phase would lose energy to the wakefield of the first bunch at rate -2, but gain from the wakefields of
the second bunch at rate +6. As mentioned above, we neglect it wakefields due to its very small relative
charge. Thus the total gain rate is +4. The sequence of drive bunches can be continued, all placed in
the next acceleration phase (2pi phase distance) with relative charges 1:3:5:7:. . . reaching transformer
ratios 2,4,6,8,. . . In this scheme, energy is transferred from the preceding to the next bunch to guarantee
its -1 energy loss rate for all bunches. At the end, all bunches can lose all their energy (till dephasing
becomes an issue), the same way a single bunch would.
One can compare the case of two bunches with relative charge one and three to that of a single
one with charge four. In the train case, the loss rate E− is -1 and the gain rate for witness particles +4.
Energy depletion occurs over some length L (L=W0/E−) and the energy gain per witness particle can be
four times the incoming particles energy W0. In the single bunch case (with the same total normalized
charge of 4), the loss rate is -4 and the gain rate +8. Energy depletion occurs over a length four times
shorter than in the train case, but particles can gain only twice the incoming particles energy (assumed
to be the same in both cases for comparison). Since the total energy must be conserved, in the first case
four times less particles can gain energy (same number of incoming particles with the same energy in
both cases). Energy transfer efficiencies are the same assuming all the energy lost by drive particles is
gained by witness ones. Using a single bunch or a train of bunches is therefore a matter of application
and opportunity. However, we note as an example that by shaping a single bunch or by using a bunch
train, 5 GeV electrons could be produced out of 1 GeV electrons, for example for FEL applications for
which a low charge (but high current) witness bunch (with small energy spread and emittance) may be
sufficient (see for example Ref. [30]).
We note here that the ramped bunch train needs not to have gaps between bunches. One can imag-
ine a staircase train with charge 1:3:5:7:. . . in each λpe/2 interval, a crude approximation of the triangular
single bunch shape that was proposed in a broader wakefields context [31]. This bunch drives decelerat-
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ing fields that oscillate with the sin(kpeξ) and leads to a poor energy transfer efficiency (on the oder of
64% as noted above). However, adding a preceding doorstep (constant charge bunch over a λpe/4 length)
or other preceding features can greatly enhance the overall efficiency.
We note again that bunches and wakefields evolution upon propagation and under the influence of
transverse wakefields probably makes the bunch train solution in the linear regime impractical for large
energy gain (because of long propagation distance). A train with the same purpose (large transformer
ratio) can be built for the nonlinear regime where self-similar propagation may be possible. In this
case (weak) plasma electron blow-out in what is sometimes coined as quasi-linear or weakly non-linear
PWFA regimes may mitigate the some of the effects of bunch transverse evolution. However, no recipe
(as presented above) exists for the bunch parameters. One must resort to numerical simulations to design
the system [32].
In this context, one may look for a way for a long (λpe), continuous bunch to produce the bunch
train through its interaction with wakefields: self-modulation.
4 Self-modulation
Self-modulation was first discussed for long laser pulses [18]. Equations describing the SM of laser
pulses and those of particle bunches are similar, although the physics at play is quite different. There
are a number of theoretical and simulation papers describing in some details the SM of long particle
bunches [23, 33, 34]. Here we use again simple arguments to give a feel for the process.
We consider again a long, relativistic, uniform density and radius charged particle bunch of length
L λpe with density smaller than the plasma electron density. At the beginning of the plasma (z=0),
the transverse wakefields are only focusing (or null) for bunch particles (see Eq. ( 7)). These wakefields
are called seed wakefields in the context of development and control of the SM instability. Upon a short
propagation distance, the effect of these wakefields is to change the bunch (RMS) radius and thus to
modulate its density. The ever so slightly modulated bunch drives wakefields that are different from those
driven by the incoming, un-modulated bunch for two reasons. First, a modulation of the bunch radius
enters in the wakefields calculations through the bunch radial dependencies R(r) and dR/dr. In what
follows we again neglect this effect. Second, a change in radius changes the bunch density. One expect
the density to increase according to the initial transverse wakefields. Wakefields are harmonic, one
may thus expect the change in bunch radius to have the same dependency as the wakefields, i.e. write
σr = σr0 −  (1− cos(kpeξ)). Since the bunch density is proportional to the inverse of the bunch radius
square (nb(ξ) ∝1/σ2r (ξ)), one can assume:
nb ∝ 1
σ2r
∼= 1
σ2r0
(1 + 2(1− cos(kpeξ))) ∝ nb0 (1 + 2(1− cos(kpeξ))) . (10)
Here,  1 is a small parameters reflecting the small variation in bunch density resulting from the small
variation in radius over a small propagation distance of the bunch into the plasma. In this expression one
recognizes the un-modulated density of the bunch, ∝ nb0 (1 + 2), resulting from the adiabatic response
of the plasma that focusses the entire bunch, and a newly created density modulation: −2cos(kpeξ).
The first two terms (without modulation) yield wakefields of the same form, but with slightly larger
amplitude than seed wakefields since the adiabatic response of the plasma slightly increases the overall
bunch density. The third term can be inserted in the linear wakefield equation (2) and the equation
integrated3 to yield an additional term to the wakefields:
δW⊥ ∝ −ξsin(kpeξ). (11)
This (small) term has an amplitude that is proportional to ξ and corresponds to wakefields increasing
along the bunch. This is an effect analogous to that of a bunch train (a sort of modulation) driving
3We used: sin(α ± β)=sin(α)cos(β)±cos(α)sin(β), cos(α ± β)=cos(α)cos(β)∓sin(α)sin(β) and∫
cos2(α)dα=α
2
+ sin(2α)
4
+C,
∫
sin(α)cos(α)dα=- 1
4
cos(2α)+C
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wakefields, as described here above. In addition, this term is also harmonic, but with a phase different
from that of the seed wakefields. The sum of these with the seed wakefields therefore also has a different
phase than the initial wakefields. Since the first modulation maximum is located at ξ=λpe/2 back from
the bunch beginning, the sum wakefields phase is shifted backwards with respect to the seed wakefields.
This simple evaluation shows some important characteristics of the SM process development:
Wakefields grow along the plasma, i.e., have larger amplitude even after a small propagation distance
into the plasma; Wakefields grow along the bunch (ξ dependency in Eq. (11)); Wakefields phase shifts
backward along the bunch during growth, therefore wakefields phase velocity is slower than that of the
bunch [33]. We note that all these points were of course predicted by theory [23] and the first two were
so far demonstrated experimentally [15].
Further development of the SM process must be performed with full versions of the beam envelope
equation [35] or through numerical simulations. One of the interesting questions is whether the SM
process converges towards a final and stable situation similar to that used for Fig. 2(b): all bunch particles
reside only in the decelerating and accelerating phase of the wakefields. Also, what fraction of the drive
particles remain in the drive bunches once a bunch train configuration that can propagate self-similarly
over long plasma length has been reached? Ignoring the evolution of the particles distribution due to
the change in phase velocity of the wakefields [33], we note that the SM process is governed by transverse
wakefields, and not longitudinal ones. In Section 2 we used only longitudinal wakefields considerations
to design the bunch train. One can imagine then that particles in the focusing phase of the wakefields
remain. However, in linear wakefields, the focusing phase covers accelerating and decelerating phases. If
those were equally populated, little wakefields would be left behind each new-formed bunch since energy
lost by the first half the particles would be absorbed by the other half. Simulation and experimental results
show that the evolution leads to a situation somewhere in between [15, 16].
Regarding the transformer ratio that SM may produce, we showed above that, in the case of
a bunch train, producing R>2 requires bunch shaping with particular density ratio (through charge at
constant radius). Proton synchrotrons or electron linacs usually produce (long) bunches with Gaussian
or quasi-Gaussian current or density profile. The SM process mostly retains this incoming profile and
even if self-consistent evolution may alter that profile, it is unlikely that it would create the proper profile
for reaching large R value wakefields. We can therefore expect that SM will produce R=1 wakefields
(limit with many similar density bunches). Shaping of the incoming bunch profile (before SM, if possi-
ble) may be used to lead to wakefields with R>1.
Self-modulation of a long proton bunch was demonstrated experimentally [16]. Figure 3 shows
time-resolved images of the proton after 10 m of plasma at various densities. The presence of micro-
bunches in the back of the proton bunch is evident from the pictures (a), (c) and (e). Fourier analysis (b)
and (d) shows that the bunch modulation frequency is the plasma frequency, fpe=ωpe/2pi.
5 Curent filamentation instability
5.1 Plasma return current
As was noted in the plasma lectures, the response of plasma electrons (plasma ions remain essentially
immobile at the 1/ωpe time scale) tends to cancel fields of an external charge. For the cold plasmas
we consider and for time-varying perturbations leading to wakefields excitation, cancellation occurs at
the 1/ωpe time, and c/ωpe spatial scales. When a relativistic bunch of particles of charge qb with density
nb and velocity vb ∼= c enters the plasma it represents a current density jb=qbnbvb. This current density
carries an azimuthal (cylindrical symmetry assumed) magnetic field that can be deduced from Maxwell
equation: ∇×B = µ0jb. At any location along the plasma the transverse magnetic field is zero before,
maximum during, and zero again after the bunch passage. This magnetic field varying in time generates
a flus variation through a small (imaginary) transverse loop, which generates a varying electric field
around the loop according to ∇ × E = −∂B/∂t. Under the influence of this electric field, plasma
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appears at that time. Unlike in Fig. 2(b) the streak camera
settings do not allow the remaining charge along the bunch
to be seen. Similar images were obtained with various
Rubidium vapor densities in the ð0.5–10.5Þ × 1014 cm−3
range, with various laser pulse and bunch parameters. All
showed a similar effect. These measurements show that it is
possible to seed the SM with the relativistic ionization
front.
In order to observe the microbunches, we acquired
images with the 73 ps (∼1 ps resolution) streak camera
window, sufficient to visually resolve microbunches at low
plasma densities (≤ 5 × 1014 cm−3) and to detect the
charge modulation at higher densities using discrete
Fourier transform (DFT) [28]. Figure 3(a) shows such an
image taken at nRb ¼ 2.457 × 1014 cm−3. Starting at the
top of the image, the presence of microbunches is visible
over the whole image. The time profile (green line) also
shows the microbunches and their periodicity. The perio-
dicity is estimated at ∼7 ps. Figure 3(b) shows the DFT
power spectrum of the image profile. With the window of
73 ps in 512 pixels, the DFT bin discretization is ∼14 GHz.
The noise discrimination line (blue) is used to select only
peaks that are unlikely to originate from noise (<1%
probability of a noise peak above this line). The spectrum
exhibit a clear peak above that level at 137 GHz. The
frequency resolution of the DFT is not as precise as the
density measurement (≤ 0.5%). We interpolate the DFT
bins by zero-padding the time domain profile to decrease
the DFT discretization [29]. For the 73 ps rectangular
window, half of the 3 dB bandwidth of the interpolation
kernel function is 4 GHz, which we consider as the
resolution limit for the frequency determination with inter-
polation. The zero padding factor used is ten, corresponding
to a 1 GHz discretization. The interpolated spectrum has
its peak at ð138$ 4Þ GHz, corresponding to a period of
ð7.2$ 0.2Þ ps. This value is consistent with the expected
plasma frequency of 141 GHz.
Figure 3(c) shows a similar streak camera image with
nRb ¼ 6.994 × 1014 cm−3. In this case, the modulation is
not as clearly visible as at low density [Fig. 3(a)]. However,
as we have previously shown, by using gated and beating
laser beams imitating the OTR time structure expected from
the modulated proton bunch, Fourier analysis can detect
periods down to 2.2 ps [28], i.e., modulation frequencies up
to 450 GHz even when the periodicity is not directly visible
on the image. Figure 3(d) shows a peak in the DFT power
spectrum at ð238$ 4Þ GHz, close to the 237 GHz plasma
frequency expected at this density.
Short timescale images, as in Fig. 3, show the expected
microbunches periodicity at times close to the seed point.
Figure 3(e), obtained with a 206 ps window, a shortened
proton bunch σt ∼ 240 ps, and nRb ¼ 2.190 × 1014 cm−3,
shows that the modulation extends to the window limit,
i.e., ∼σz, behind the seed point (red line). According to
the Rubidium density measurement, the plasma frequency
is 133 GHz and the interpolated microbunch frequency
FIG. 3. Streak camera images on the fast (73 ps) timescale (a) at low (nRb ¼ 2.457 × 1014 cm−3) and (c) at high
(nRb ¼ 6.994 × 1014 cm−3) plasma densities. Profiles obtained by summing the images along the spatial axis from −0.4 to
0.6 mm are displayed on the left-hand side of each image. The profile of image (a) shows the defocusing effect of SSM starting
at the laser pulse time (∼10 ps). Image (c) is obtained ∼10 ps behind the ionizing laser pulse that is placed in the middle of the bunch as
in Fig. 2. It is also obtained with a narrower band-pass filter (25 nm) than for image (a) and (e) (50 nm) to reduce the intensity of the light
and decrease time resolution limitations originating from a broad OTR spectrum reaching the streak photocathode [26]. Figures (b) and
(d) show the DFT power spectrum for the two profiles (black diamonds, no padding) as well as for background images (orange lines).
The green lines depict the interpolated power spectrum (with padding). The blue lines show a noise threshold used for automatically
detecting frequencies. Image (e) shows a low density case (nRb ¼ 2.190 × 1014 cm−3) where the full train of microbunches is shown.
The Rubidium (and thus plasma) density for image (e) has an upwards density gradient of 3.4%=10 m.
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Fig. 3: Streak ca era images (a) at low (nRb=2.457×1014 cm−3) and (c) at high (nRb=6.994 1014 cm−3) pl sma
densities. Profiles obtaine by summing th images along the spatial axis fro -0.4 to 0.6 mm are displayed on
the left-hand side of each image. The profile of image (a) shows the defocusing effect of SSM starting at the laser
pulse time (∼10 ps). Image (c) is obtained ∼10 ps behind the ionizing laser pulse that is placed in the middle
of the bunch. Figures (b) and (d) show the DFT power spectrum for the two profiles (black diamonds) as well
as for background images (orange lines). The green lines depict the interpolated power spectrum. The blue
lines show a noise threshold used for automatically detecting frequencies. Image (e) shows a low density case
(nRb=2.190×1014 cm−3) where the full train of micro-bunches is shown. The Rubidium (and thus plasma) density
for image (e) has an upwards density gradient of 0.34%/m. Figure from Ref. [16], with permission.
electrons ge erate a plasma current th t tends to cancel the bunch-gener ted flux, current at is then
opposed to that of the bun . This current is called the plasma return current. It is interesting o note that
in the c se of negatively charged bunc , bunch particles and plasma electrons have opposite velocities,
whereas i the case of a positively charged bunch, bunch particles and plasma el ctro s have velocities
in the same direction. We also note that in the context of linear regime f r which nb  ne0, the plasma
elect on (longitudinal in this case) vel city is proportionally smaller than the bunch particles one: jb =
qbvbnb ∼= ene0ve = je, thus ve ∼= nbne0 vb  c. Transvers ly, the response of the plasma electrons is
again at the c/ωpe scale. Therefore, in the case of a narrow bunch, meaning such that kpeσr ≤1, mos or
all the plasma return current flows outside the bunch. The bunch is theref re not affected by the return
current. However, in the opp site case of a wide bunch (kpeσr >1), the return curren flows within
the bunch. The effect of plas a retur current was seen for example in plasma lens experiments [36].
5.2 Current filamentation instability
In the wide bunch case ( kpeσr 1), two opposite direction currents flow through each other. When
exactly compensating for each other, the net current is zero and the situation is stable (no net force).
However, when exact compensation does not occur, the two locally un-equal currents repel each other.
The stronger current repels the weaker one and self-focuses, increasing its current density and azimuthal
magnetic field, yielding a positive feedback mechanism. The transversely large bunch transforms into
a series of narrower ones, carrying larger current density and magnetic field. Each of them has a trans-
verse size smaller than c/ωpe. This instability is called the current filamentation instability (CFI) [37].
It can be seen as the relativistic version of the Weibel instability [38].
Curr nt filamentation instability was observed with an electron unch and a threshold for instabil-
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ity at kpeσr ∼=2.2 [39]. An example of observation is shown on Fig. 4. This figure [39] shows a number
of bunch transverse profiles as measured at the end of a 2 cm-long capillary plasma for various plasma
densities. These correspond to various values of kpeσr obtained by changing the plasma density for
a constant σr. Evolution of the transversely Gaussian incoming bunch (no plasma, Fig. 4(a) and plasma
lens focusing, Fig. 4(b)) into multiple filaments is evident from the images. Figure 5 shows the number
of filaments observed as a function of kpeσr (kpeσy0 in this case). Transition from focusing for small
kpeσr, to multiple filaments around kpeσr ∼= 2.2 is evident. Merging of filaments at large kpeσr values
(>4.5) is also observed.
density, and is neglected in the analysis presented below.
The OTR light is collected with a microscope objective
and relayed out of the vacuum chamber onto an electron
multiplying–charged coupled device (EMCCD) camera.
The measured optical resolution, using a USAF 1951
target, is 3:9 !m rms in the x and y directions, sufficient
to measure the smallest expected filament size.
The characteristic expansion length of the electron
beam transverse size from its waist is given by its beta
function "0x;y ¼ #0$20x;y=%N > 3 cm and "0x;y > Lp.
Thus, the size measurements at the plasma exit for events
without plasma can be taken to be the same as at the
capillary entrance and used as the input condition for
events with plasma. The incoming bunch x and y profiles
without plasma are essentially Gaussian and characterized
by their rms sizes $0x and $0y. Measurements show that in
general the bunch transverse size $0x;y does not vary by
more than 10% rms from event to event and over a typical
measurement period.
Data collection includes alternately recording transverse
images of the bunch at the plasma or capillary exit with and
without (incoming beam) plasma. The relative charge of
the electron bunch in the accelerator and the discharge
current and plasma light time evolution are recorded for
every event. The relative bunch charge is calibrated with a
Faraday cup upstream of the capillary. Two types of plasma
density scans were used for data acquisition: continuous
scans to study the evolution of the instability as a function
of kp$0x;y that record one event at 55 different densities
over the full plasma density range, and discrete scans to
study the scaling of the filaments size with plasma skin
depth and to capture the variations due to the instability
nature of the interaction that records ten events at six
different plasma densities with 9< c=!pe < 42 !m.
We define the occurrence of CFI to be when multiple
filaments are observed with the plasma and when on aver-
age, the filament size scales linearly with the plasma skin
depth. As the plasma density is decreased such that
kp$0x;y < 1 we expect only single ‘‘filament’’ events.
Note that reduction of the bunch transverse size at the
plasma exit with kp$0x;y < 1 can be interpreted as plasma
focusing by the underdense plasma [17]. Further, we ex-
pect CFI not to occur when the bunch density is reduced
while keeping kp$0x;y constant, as suggested by the CFI
growth rate [Eq. (1)]. However, plasma focusing remains,
simply with a different reduction in transverse size and
does not scale linearly with c=!pe but with the bunch
charge.
One representative transverse bunch image without
plasma and five images with plasma and exhibiting focus-
ing or filamentation are shown in Fig. 2. In practice we
identify a filament as a high count feature in the images.
For these events the electron bunch parameters are
$0x " 80 !m and $0y " 50 !m, the charge Q" 1:0 nC,
and the plasma skin depth and values of kp$0x and kp$0y
are 41:6 !m, "1:9, "1:2 for Fig. 2(b), 15:4 !m, "5:2,
"3:3 for Figs. 2(c) and 2(d), and 12:3 !m,"6:5,"4:1 for
Figs. 2(e) and 2(f), respectively. Figure 2(b) has one, 2(c)
five, 2(d) three, 2(e) three, and 2(f) four filaments, respec-
tively. Note that in all cases, Figs. 2(b)–2(f), the features
identified as filaments have a higher peak count than the
incoming bunch, Fig. 2(a), and therefore larger current
densities. The total count is conserved for events with
and without plasma to an average difference of 14% rms.
These images illustrate the random character of the insta-
bility. The filaments’ size, position and number change
with plasma density (see below). They also change from
event to event, even with similar experimental conditions, a
typical behavior for an instability-driven interaction.
Figure 3 shows again the instability nature of the bunch
filamentation through the number of filaments observed at
various plasma densities, but displayed as a function of
kp$0y. To locate the transition from single filament events,
expected for kp$0y < 1, to multiple filament events, ex-
pected for kp$0y > 1, from a large data set both the con-
tinuous and discreet scan data are used. Additionally, we
recorded 120 events at kp$0y " 4:1 that showed between
one and four filaments. Therefore single points in Fig. 3 in
general correspond to multiple events with the same num-
ber of filaments. There is a very clear transition between
occurrences of single filament (or plasma focusing) and
FIG. 2 (color online). OTR images of the bunch at the capillary
exitwith arrows indicating filaments. Bunch parameters are$0x "
80 !m, $0y " 50 !m, and charge Q ’ 1:0 nC. (a) Without
plasma and (b) ne ¼ 1:6# 1016 cm$3 (kp$0y ¼ 1:2),
(c) and (d) ne ¼ 1:2# 1017 cm$3 (kp$0y ¼ 3:3) and (e) and
(f) ne ¼ 1:9# 1017 cm$3 (kp$0y ¼ 4:1). X-rays are seen in the
images and are a few pixels in size. Color tables are the same for
(b) through (f).
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Fig. 4: Images of the bunch at the capillary exit with arrows indicating filaments. Bunch parameters are:
σx0=80µm, σy0=50µm, and charge Q∼=1.0 nC. (a) Without plasma and (b) ne0=1.6×1016 cm−3 (kpeσy0=1.2),
(c) and (d) ne0=1.2×1017 cm−3 (kpeσy0=3.3) and (e) and (f ) ne0=1.9×1017 cm−3 (kpeσy0=4.1). X-rays are visi-
ble in the images and are a few pixels in size. Color tables are the same for (b) through (f). Figure from Ref. [39],
with permission.
It is clear that CFI has to be avoided in the PWFA context. The condition kpeσr = 1 is used
to determine the maximum plasma density at which an experiment with a beam focused to a minimum
transverse size σr can operate [14]. In astrophysical context, CFI or Weibel instabilities of plasmas
flowing into the (plasma) inter-stellar medium may be responsible for generation of large and small scale
magnetic fields. In particular, instabilities evolution may explain some of the spectral features observed
in the emission of x- and γ-rays detected on Earth [40], possibly due to what is known as jitter radiation.
Another interesting effect is the instability of neutral flowing plasmas, sometimes referred to as fire
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balls, flowing in through the interstellar medium. These fire balls could be studied in experiments by
using neutral beams, fire ball beams [41], composed of equal number of electrons and positrons.
multiple filaments around kp!0y ! 2:2. Most noticeably
there are no cases of multiple filaments for kp!0y < 2:2.
Some instances of single filaments are present for kp!0y >
2:2, but the number of filaments can be as large as five. This
variability is attributed to the sensitivity of CFI to slight
changes in plasma and bunch initial conditions. For
kp!0y > 4:5 only one or two filaments are observed, which
could be due to the merging of filaments [7]. This merging
is also seen in simulations even though Eq. (1) shows the
growth rate is independent of plasma density.
The transverse rms filament sizes are determined from x
and y projections by selecting a small region around the
features identified as filaments. On a scan to scan basis the
number of available (symmetric profiles) x and y filament
projections for multiple filament events depends on the loca-
tion of the filaments, see Fig. 2. The data set usedwas selected
based on the largest number of available x or y projections for
multiple filament events. For example, in Fig. 4 there are 29
and 13 available x and y projections, respectively, and the x
projections were used. Root mean squared filament sizes
measured with the incoming bunch sizes !0x ¼ 81 "m
and !0y ¼ 53 "m and charge Q ’ 1:0 nC, named high
charge, are shown in Fig. 4. For this scan, multiple filaments,
one to five, were observed for 9 # c=!pe # 20 "m corre-
sponding to 2:7< kp!0y < 5:8 on Fig. 3, that is, over about
one decade in plasma density. On average the filaments size
scales linearlywith the plasma skin depth for 12 # c=!pe #
42 "m. For the skin depth <10 "m, the highest plasma
density, the filament size is larger than c=!pe, which could
be due to merging of the filaments.
The growth rate of the instability scales as / ffiffiffiffiffinbp ¼
½Q=ðeð2#Þ3=2!0x!0y!0zÞ'1=2 [see Eq. (1)] and reducing
the bunch charge reduces the development of CFI. The
high charge scan in Fig. 4 was repeated with half the charge,
Q! 0:54 nC, and approximately the same transverse bunch
profile, !0x ! 89 "m and !0y ! 45 "m, and is shown in
Fig. 4. Evaluation of the growth rate given in Eq. (1) with the
high charge bunch indicates a growth of CFI by 2.7
e-folding over the 2-cm long plasma and 2.1 e-folding for
low charge bunch. This low charge scan generated only
single filaments at all six plasma densities in contrast with
the high charge scan where we observe one to five filaments
for c=!pe # 20 "m. In addition, Fig. 4 shows that while
the higher charge events follow the skin depth scaling
(except at the highest plasma density as mentioned above)
the low charge transverse sizes exhibit a completely differ-
ent dependence on the skin depth. Data taken at even lower
plasma densities, 100< c=!pe < 2; 300 "m (not shown
here) for which kp!0y ( 1 show that the dependencies of
transverse bunch size on the plasma density are similar for
the two charge cases with sizes consistently smaller in the
higher charge case. Note that !0y varies by a larger amount
at lower charge and explains the larger spread in filament
size, 17% rms compared to 10% rms for high charge.
To summarize, we have presented experimental evidence
of CFI in a laboratory setting with an electron beam and
plasma capillary discharge under the parameters predicted
in theory, kp!r ) 1, and a relativistic beam. The results are
based upon transverse imaging of the filaments at the plasma
exit with OTR. The transition from multiple filaments to
single filament (or focusing) was established, kp!r ! 2:2,
FIG. 3 (color online). Number of filaments observed in single
events as a function of the CFI parameter kp!0y. For this
measurement the charge Q ’ 1:0 nC and !0x ! 80 "m, !0y !
50 "m. Similar events lead to only single filaments for kp!0y <
2:2 and multiple (one to five) filaments for kp!0y > 2:2. For
kp!0y > 4:5 only one and two filaments are seen and could be
due to merging of CFI generated filaments. In general single
points represent multiple events at the same kp!0y.
FIG. 4 (color online). Transverse filament size (rms) as a
function of c=!pe: circular markers high charge scan where Q ’
1:0 nC and !0x ¼ 81 "m, !0y ¼ 53 "m. Triangular markers
low charge scan where Q ’ 0:54 nC and !0x ’ 89 "m, !0y ’
45 "m. Both scans consist of six different plasma densities with
each ten events recorded. The solid line represents the expected
linear dependency between filament size and plasma skin depth.
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Fig. 5: Number of filaments observed in single events as a function of the CFI parameter kpeσy0. For this
measurement the charge Q∼=1.0 nC, σx0=80µm, σy0=50µm. Similar events lead to only single filaments for
kpeσy0 <2.2 and multiple (one to five) filaments for kpeσy0 <2.2. For kpeσy0 >4.5 only one and two filaments
are seen and could be due to merging of CFI generated filaments. In general single points represent multiple events
at the same kpeσy0. Figure from Ref. [39], with permission.
6 Final remarks
We attempted to give simple, intuitive and physical descriptions of self-modulation and transverse fila-
mentation of a long or wide relativistic particle bunch propagating in a plasma [42]. The descriptions
have evident limitations and use many hypotheses and short-cuts. The reader is thus advised to consult
published papers on the topics that present more rigorous descriptions of the processes described here.
Many further details can be found in the references chosen here and in the many others out there. We
also showed sample experimental results that demonstrate that the physics at play has, to some extent,
been observed experimentally. There is also a large body of numerical simulation results (not men-
tioned here) that largely support and detail theory results. The text is thus an introduction meant to
encourage the novice reader to further research all these topics and to build his/her own understanding
of the physics at play. Plasma wakefield acceleration is an interesting and challenging topic that has
experimentally matured over the last two decades. Building an accelerator on its principle is a challenge
that requires understanding of many topics, and maybe most of all, the understanding of the concept of
compromise.
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